Improvements in experimental and computational technologies have led to significant increases in data available for analysis. Topological data analysis (TDA) is an emerging area of mathematical research that can identify structures in these data sets. Here we develop a TDA method to detect physical structures in a cell that persist over time. In most cells, protein filaments (actin) interact with motor proteins (myosins) and organize into polymer networks and higher-order structures. An example of these structures are ring channels that maintain constant diameters over time and play key roles in processes such as cell division, development, and wound healing. The interactions of actin with myosin can be challenging to investigate experimentally in living systems, given limitations in filament visualization in vivo. We therefore use complex agent-based models that simulate mechanical and chemical interactions of polymer proteins in cells. To understand how filaments organize into structures, we propose a TDA method that assesses effective ring generation in data consisting of simulated actin filament positions through time. We analyze the topological structure of point clouds sampled along these actin filaments and propose an algorithm for connecting significant topological features in time. We introduce visualization tools that allow the detection of dynamic ring structure formation. This method provides a rigorous way to investigate how specific interactions and parameters may impact the timing of filamentous network organization.
Introduction
Topological data analysis (TDA) has emerged as a set of approaches in computational topology that extracts information from high-dimensional data sets [1, 2, 3] . In particular, methods from persistent homology are useful in understanding topological invariants such as clusters or loops in data represented as point clouds. Applications of these topological methods are varied and include quantitative understanding of biological aggregations such as insect swarms [4, 5] , extracting the topology of functional brain networks from fMRI data [6, 7] , and mapping of unknown spatial environments using biobotic insects [8] . While TDA is traditionally used for analyzing static point clouds, characterizing how structures emerge in time-series data from dynamical systems models poses interesting questions with applications to various scientific problems. For instance, a natural question would be to describe the timing of formation of structures such as loops in high-dimensional data from dynamic experiments or models.
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One such scientific question is the formation and maintenance of ring-like actin filament structures, which play key roles in developmental and physiological processes [9] . These ring channels are usually composed of actin filaments cross-linked with myosin motor proteins as well as other regulatory binding proteins that control the spatiotemporal organization of these circular structures in living systems [9] . These actomyosin rings have been shown to participate in both actively contracting rings, such as those found in cytokinesis and wound healing in organisms ranging from plants to mammals [10, 9] , as well as in stable ring-like structures that are often used as inter-cellular bridges by germline cells to share nutrients and gene products during development [10] .
Two specific examples of stable ring-like structures occur in developing germline cells in Drosophila fruit flies and Caenorhabditis nematode worms. In Drosophila fruit fly development, ovarian ring canals connect germ cells and promote transport of cellular components to the developing egg [11, 12] . The complex assembly and maintenance of these ring canals is not fully understood and there is evidence that various specialized cytoskeletal proteins may regulate their development [11, 13, 12] . Similarly, the actin cytoskeleton forms complex cellular structures in the reproductive system of the worm C. elegans [14] . Here, actin filaments interact with non-muscle myosin II motor proteins and other actin-binding proteins to allow for streaming of cytoplasm into enlarging oocytes [15, 16] . The stable circular structures that emerge are called ring channels and maintain a constant diameter during the development of germ cells into oocytes [17] . Given the challenges involved in visualizing actin dynamics in these in vivo systems, complex simulations of actomyosin networks as proposed in [18] provide useful tools for studying the dynamics and remodeling of these cellular structures. Filament contractility and alignment in these agent-based modeling simulations have been assessed by calculating the network radius of gyration and the orientational order parameter for all actin segments simulated [18] . However, questions related to the timing and maintenance of ring channel formation as well as to their regulation by cytoskeletal proteins remain unanswered.
Several methods for investigating time dynamics using topological data analysis have been proposed and adapted to data in other biological systems. The CROCKER (Contour Realization of Computed k-dimensional hole Evolution in the Rips Complex) plots developed in [4] keep track of Betti numbers of point clouds generated by dynamical systems models of biological aggregations. The authors show that their proposed quantitative and visualization tools have predictive value in selecting models describing agent interactions [5] . The theoretical approach in [19] introduces vineyards, which are time-parameterized stacks of persistence diagrams requiring computation of simplices at each time point. These methods are applied to protein folding trajectories in [19] . The study of [20] views dynamic data sets as time-varying graphs and extracts summaries of their clustering features, with potential applications to swarming behaviors. Our method provides an intuitive computational approach to connecting significant topological features in the persistence diagram space through time, thereby providing insights into the timing of higher-order structure (such as ring channel) formation and organization in polymer network interactions inside cells.
Methods

Stochastic simulation framework for actin-myosin interactions
For simulations of actin-myosin interactions, we use the MEDYAN model developed by the Papoian Lab and introduced in [18] . This agent-based modeling framework simulates actin filaments as interacting semi-flexible polymers in a solution with complex reaction and diffusion processes in three dimensions. The actin filaments interact with motor proteins such as myosins and with transient cross-linking proteins. The numerical method involves simulating a three-dimensional stochastic reaction-diffusion scheme for the active matter model using a spatially resolved Gillespie algorithm.
MEDYAN models chemical phenomena on a simulation space that is divided into compartments. Diffusion and molecular transport of various chemical species are modeled as stochastic jumps between compartments. For the purposes of our simulations, these dynamics include growth and shrinking of actin filaments, cross-linker and molecular motor binding, and active transport by molecular motors (walking). The model also uses a mechanical representation of the actin filament network where the filaments consist of cylindrical monomers that simulate semi-flexible polymers with a given persistence length. The model includes various interaction potentials for filament deformations as they interact with other structures in the simulation domain. Additional information on details of the MEDYAN model and implementation can be found in [18, 21] .
In our simulations, we use a standard implementation of the model in [18] , which is parameterized for an actomyosin network consisting of actin filaments, α-actinin cross-linking proteins, and non-muscle myosin IIa motor filaments.
Topological data analysis
We analyze data from simulations of actin-myosin interactions using tools from topological data analysis. We give a brief introduction to the ideas behind these tools and we refer the reader to [4, 5] for a more detailed nontechnical review as well as a technical explanation of these techniques.
Persistent homology
The data in our study consists of points in three-dimensional space that are extracted from the actin filaments in our simulations. Specifically, these data points correspond to x, y, and z locations of the cylindrical monomers that make up the actin polymers. We consider this finite set of points as a sampling from an underlying topological space. This allows us to use homology, a tool from algebraic topology, to connect the data points and then measure features such as connected components, topological circles, and trapped volumes in the resulting object. These features are quantified by the Betti numbers b k , which denote the number of holes in the underlying space with boundaries of dimension k. For example, the number of connected components is b 0 , the number of topological holes is b 1 , and so on. To build these topological objects from discrete data points and compute their persistent homology, one constructs simplicial complexes, such as the Vietoris-Rips complex. This requires a notion of distance between points, which in our case is simply the Euclidean distance between the three-dimensional locations of the points (which are viewed as vertices). For each > 0 (called proximity parameter), the Rips method forms a k-simplex whenever k + 1 points are pairwise within the distance . The Betti numbers thus depend on the scale at which we compute the homology, so that b 0 ( ) and b 1 ( ) denote the numbers of topological clusters and holes at scale . As varies, the resulting simplicial complexes are different, but there is an inclusion of complexes for smaller into those arising from a larger scale. Persistent homology keeps track of the computed homology classes as varies and is able to identify topological features that persist across a range of scales. Figure 1 shows an example of the simplicial complexes that form as we vary the value of the proximity parameter for data points extracted from a simple MEDYAN simulation of actin polymer dynamics. The point cloud represents a sampling of monomer (bead) locations along the simulated filaments; for simplicity, we extract and visualize only the first, middle, and last bead location for each filament in Figure 1 .
Persistence diagrams and previous analysis of time-series data
One common method introduced for static point clouds in [1] for displaying information about the persistence homology of a set of data points is a persistence diagram, as shown in the top right of Figure 1 and in Figure 2C . This visualization shows the persistence scale at which a topological feature appears on the x-axis (birth radius) and the scale at which the feature disappears on the y-axis (death radius). We emphasize that while the terms "birth" and "death" connote time dependence, they in fact refer to the spatial scale over which a feature persists for a point cloud extracted from data at a given time point. Features that correspond to connected components (0-dimensional holes, counted by Betti 0 numbers) always start at = 0. Features that correspond to topological circles (1-dimensional holes, counted by Betti 1 numbers) are consistently above the main diagonal. Typically the most significant topological features are those that are farther away from the diagonal, because they persist over a wider range of scales. The persistence diagrams are generated using the ripsDiag function in the TDA package in R, which calculates the Rips filtration built on top of a point cloud [22] . In particular, we use this function with the GUDHI C++ library for computing persistence diagrams [23] .
In many applications, it is informative to understand the topology of the data as it varies with time. Studies [4, 5] propose an approach to calculate the Betti numbers of dynamic data as a function of both the proximity parameter and time. Their method, called Contour Realization of Computed k-dimensional hole Evolution in the Rips Complex (CROCKER), keeps track of Betti numbers b k ( , t). The authors then use this matrix of data as feature vectors that help select appropriate models of biological aggregation for given experimental data in [5] .
Building on these approaches that compute homological persistence over both time t and persistence scale , we are interested in identifying statistically significant features of a time-changing point cloud and in tracking their properties as a function of time. Since our motivation stems from understanding ring channels in biological transport processes, we focus on using persistence homology to identify formation of topological holes in time-series data, i.e. we use persistence diagrams to track birth and death radii of 1-dimensional hole features.
Topological data analysis for detecting rings in time-series data
Since we are interested in the formation of ring structures, we focus on the red triangles in the persistence diagrams of Figure 2C . Here we consider three time points in a simulation with 50 actin filaments interacting with myosin motors and α-actinin on a domain of realistic size for actin structure organization (see Figure 2A ). We seek a method to determine the emergence of a significant topological hole, as illustrated in the third column corresponding to time 1000s in the simulation.
Persistence of rings in time-series data
Persistence diagrams illustrate the birth radius birth on the x-axis and the death radius death on the y-axis for each topological structure, but do not allow for visualization of features across time. In order to track the evolution of topological features over time, we constructed a visualization that overlays successive ( birth , death ) pairs for all such features as they vary in time for the dynamical systems models of actin-myosin interactions considered. Figure 3 shows an example of this visualization for the simulation in Figure 2A , continued up to 2000s. The black circles correspond to radii birth where a topological hole arises, whereas the red circles denote radii death where the feature disappears. The hole that forms in the middle of the simulation domain is easily identified as the continuous evolution of a pair of ( birth , death ) that diverges with time. It is worth noting that most pairs of the birth and death proximity parameter likely amount to topological noise and are close to the diagonal in Figure 2C , or have almost overlapping birth and death radii in Figure 3 .
Algorithm for visualization of ring structure persistence
To explore the emergence of these continuous ring structures in time-series data, we propose a method for connecting the pairs of ( birth , death ) that are most likely to outline the same topological ring structure through time as illustrated by the feature starting around time 600s in Figure 3 . In the persistence diagram plots in Figure 2C , our method will be connecting red triangles corresponding to consecutive time points. Our approach consists of the following steps:
1. Calculate all birth-death pairs ( birth , death ) at each time step. 3. For each pair in the first time step, find the pair in the second time step that is closest to it. Note that if this smallest distance is greater than a parameter that we denote as the linkage tolerance d , then the pair is not counted as a connection.
4. Repeat steps 2-3 for all consecutive time steps up to the end of the simulation.
5.
Pairs at consecutive time points are then combined into paths (see Figure 4 ).
6.
Isolate the most significant path by finding the pair that is furthest from the diagonal ( birth = death ) at some time point during the simulation and extracting the time path corresponding to this pair.
The linkage tolerance d for our simulations is chosen to be 350nm based on the scale of the spatial domain of interest. We note that the connections between points (birth-death pairs) that are close to the diagonal in the persistence diagram representation (see Figure 4 ) may not necessarily correspond to the same topological hole that forms at later times. Figure 3 : Visualization of birth-death proximity parameter pairs with time in a dynamic simulation. Black circles denote the birth radii ( birth ) for the formation of a topological hole, while red circles denote the death radii ( death ) for the disappearance of this structure.
Our algorithm is likely to be most accurate for extracting topological features that are further from the diagonal, and therefore persist over a larger scale. Figure 4 illustrates the results of connecting the birth-death pairs corresponding to Betti 1 (topological hole) features for consecutive times in the simulation of Figure 2 . Each of the rainbow-colored paths in the persistence diagram in Figure 4A represents a topological hole feature connected through simulation time using our algorithm. The points in 2-dimensional space ( birth , death ) (corresponding to red triangles in Figure 2C ) are connected through straight segments. Note that the proposed algorithm described above ensures that these segments are relatively short for each path. We then isolate a significant path, corresponding to the largest hole that emerges in the simulation domain. This is achieved by identifying the path that has the largest death − birth persistence at some time point in the simulation. We visualize this significant path separately in Figure 4B . The formation of this path and its departure away from the diagonal (i.e., the addition of birth-death pairs at subsequent times) are also illustrated in Supporting Information 1 Video.
Significance regions for paths of persistence through time Figure 4 raises the question of how we might distinguish significant features from noise in time-series data. Previous work includes derivation of confidence sets for persistence diagrams of static point clouds to separate noise from signal using statistical methods [22] . [8] used a classification algorithm to determine persistent features from noisy detections and subsampling of the space by optimizing the threshold values for the lengths of persistence intervals.
To investigate the timing of significant ring structure formation, we consider an alternative visualization to Figure 4B that plots the vertical distance from each birth-death pair in the significant path to the baseline (diagonal) in the persistence diagram (i.e., the persistence of the feature death − birth ). Note that the ( birth , death − birth ) coordinates have been used in rotated persistence diagrams that are visualized in a birth-persistence coordinate system [24, 7] . Figure 5 shows the evolution of the feature persistence as a function of time. As mentioned previously, pairs that are further away from the diagonal in persistence diagrams, and thus higher along the vertical axis in this visualization, correspond to topological features that are more significant. Determining what should be meant by "a statistically significant level of persistence" is an outstanding problem in topological data analysis [22] . In this work, we choose to establish significance by examining the topological features that arise in the course of our simulations and estimating the percentage of these features that are qualitatively significant.
To be precise, we consider the persistence levels of the topological holes generated from 35 simulations (200 time frames each) of actin-myosin interactions carried out in MEDYAN. This dataset contains simulations with a fixed parameter set (standard myosin-2 parameters in [18] ) with differing numbers of linkers and motors. This collection of simulations exhibits a variety of rich dynamics, including a common emergence of ring structure within the simulation time window.
Observing that there is at most one significant feature in each time frame, and that the overwhelming number of features are statistical noise, we estimated that only persistence levels at or above the 96.7-percentile (persistence at or above 252.7nm) are associated with statistically significant features for this data set. Having established a significance level for persistence, we then define the time of ring formation as the last time that the main feature's persistence crosses from below to above the significance threshold, as illustrated by the vertical and horizontal dashed lines in Figure 5 .
Analysis of filamentous network models
To illustrate the power of the methods introduced earlier in distinguishing between different dynamic behaviors, we carry out simulations with different binding rates of the myosin motor reaction. This parameter (which we refer to as the on-rate) is the rate constant of the binding reaction linking a myosin motor to two actin filaments. In the default MEDYAN simulations, this on-rate has a value of 0.2s −1 . In the following, we consider simulations with increased (double) on-rate and decreased (half) on-rate. Figure 6 shows snapshots of the final actin configurations in two sample stochastic runs of simulations with these parameters, as well as the emergence of ring structure with time (as introduced in Figure 5 ) in each case. A decreased on-rate leads to alignment of the actin filaments at the boundaries, and thus a clear hole emerges in the simulation domain ( Figure 6A) . A large on-rate leads to more frequent interactions between actin filaments and myosin motors and as result more contractile behavior and clustering of filaments in various regions of the domain ( Figure 6B ).
This distinction in the dynamics is clear when visualizing the persistence ( death − birth ) plots in Figure 6 . The small on-rate setting corresponds to a clear topological hole that stays away from the x-axis (and therefore from the diagonal in the persistence diagram) as time progresses in each of the two simulations illustrated. In the large on-rate case, a hole forms but is not maintained over time and therefore the significant feature does not persist throughout the simulation. When the myosin motors have a higher likelihood of binding to actin filaments, the dynamics of the polymer network shows more variability, as illustrated by outcomes from application of our technique to two stochastic realizations of the dynamics with this parameter choice in Figure 6B . Here the significant path captures several short-lived holes that are not maintained throughout time.
Our algorithm allows us not only to observe these distinguishing features, but also to quantify them. To explore the dynamics in multiple agent-based model simulations of the actin-myosin interactions, we carry out 20 MEDYAN simulations for each setting: half on-rate and double on-rate. For each parameter choice, we are interested in exploring patterns related to the number of emergent holes, whether they close or remain open, the lifespan of the significant holes, and their size -quantified as the maximum persistence of the topological feature during the time it is significant.
In the small on-rate simulations, the dynamics is consistently characterized by alignment of filaments at the domain boundaries (see Figure 6A ). In all runs, our method identifies a significant hole that persists until the end of the simulation time, allowing us to quantify the ensemble statistics of the timing of ring formation. The ring forms on average at time 525.5s, and probability density estimation in Matlab using the command fitdist shows the distribution of the timing of significant ring formation in Figure 7A . We can describe the size of the detected rings by the maximum persistence ( death − birth in the persistence diagram) over the time that the rings are significant. Figure 7B illustrates a relatively tight distribution with a mean of 1159.15nm for the maximum sizes achieved by significant holes in these simulations.
As illustrated in Figure 6B , the large on-rate simulations lead to more contractility of the actin-myosin network and to a higher likelihood of polymer clusters forming in the domain. Of the 20 runs with this parameter choice, only nine have a single significant hole emerging and persisting until the end of the simulation. In these simulations, the significant ring structure forms on average later than in the case of the small on-rate simulations, at 715.56s, and it has a smaller size (maximum persistence), with an average of 882.91nm. The remaining eleven simulations have on average 2.5 significant holes emerge throughout the simulation (see Simulation 1 in Figure 6B for an example of a run that yields 3 significant holes). These holes are on average smaller and shorter-lived than in the small on-rate simulations, with an average lifespan of 573.67s and an average maximum persistence of 578.22nm.
Therefore, our proposed approach for analyzing time-series data of cellular interactions is able to rigorously distinguish between and quantify emerging features of parameter changes in agent-based model simulations of cellular polymer interactions. 
Conclusions
Understanding complicated interactions of filamentous networks and multiple chemical species at the cellular level often requires complex simulations that provide insight into the temporal and spatial dynamics of the interacting proteins. Here we carried out numerical simulations of actin-myosin and crosslinker interactions using the MEDYAN model [18] . Filament contractility and alignment in these models has been studied using classical tools such as calculation of the network radius of gyration and of an orientational order parameter of the system [18] . However, an understanding of how filamentous networks interact to create higher-order structure and organization in cells is lacking. We propose a rigorous technique based on topological data analysis to identify ring structure in complex simulations of filament organization.
The method we propose requires that we sample the spatial distribution of filaments at each time point of a dynamical simulation and thus extract a point cloud. Calculation of the persistence homology of this set of data points leads to a persistence diagram, which is used to visualize significant ring (topological hole) features. The novelty in our approach is an algorithm that connects significant topological features in persistence diagram space over time. We note that the study [19] introduced the concept of vines and vineyards, defined as continuous families of persistence diagrams, for time series of continuous functions. Computation of these vineyards requires a list of simplices at each time point, while our algorithm only requires knowledge of the persistence diagrams (birth-death pairs) at each time. Our proposed approach therefore has the advantage that it only requires topological summaries of the data, which could be useful in applications where only this information is available. Our work provides a generic method for detecting and quantifying higher-order structures that emerge from polymer network interactions and evolve in time according to a dynamical system.
